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ON THE GEOMETRY AND KINEMATICS OF SMOOTHLY
DISTRIBUTED AND SINGULAR DEFECTS
MARCELO EPSTEIN AND REUVEN SEGEV
ABSTRACT. A continuum mechanical framework for the description of
the geometry and kinematics of defects in material structure is proposed.
The setting applies to a body manifold of any dimension which is devoid
of a Riemannian or a parallelism structure. In addition, both continuous
distributions of defects as well as singular distributions are encompassed
by the theory. In the general case, the material structure is specified by a
de Rham current T and the associated defects are given by its boundary
∂T. For a motion of defects associated with a family of diffeomorphisms
of a material body, it is shown that the rate of change of the distribution
of defects is given by the dual of the Lie derivative operator.
1. INTRODUCTION
We present below a mathematical framework for the description of the
geometry and kinematics of material defects from the continuum mechan-
ics, macroscopic, point of view. In particular, the proposed framework
applies to both continuously distributed as well as singular defects and
is formulated on general manifolds devoid of any metric or a parallelism
structure.
Material defects, are frequently described by relative deformation of neigh-
boring points in the material (e.g., [KA75, LK06, Sah84]). Sometimes a
global point of view is adopted (e.g., [Cer99]) and defects are viewed as
obstructions to the construction of a global inverse deformation. Another
frequent approach (e.g., [Kon55, Nol67, Wan67, EE07]), views the existence
of defects, or inhomogeneities, as an inherent consequence of the constitu-
tive relation for a body. Following [ES12], the present framework differs
from the first point of view above in the sense that the analysis involves
no kinematics of the body in space. No deformations are considered and
only the material structure of the bodymanifold is studied. The present ap-
proach differs from the theory of inhomogeneities in the sense that rather
than associating the defects with a particular constitutive relation, e.g., the
relation between the stress and the deformation, the material structure is
given explicitly. (See somewhat similar approaches in by Toupin [Tou68]
and Eringen & Claus [EC70] who use oriented, or micromorphic media.)
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For example, it is assumed that a family of Bravais hyperplanes is given by
explicitly prescribing, at each point in a body, a hyperplane as well as the
density of these hyperplanes. In other words, one specifies a distributed
analog of the Miller indices for a family of hyperplanes. Mathematically
speaking, if the body is a manifold M of dimension n, we consider in the
continuous case a distribution, an (n− 1)-subbundle of the tangent bundle,
which is induced by a differential 1-form ϕ. Material structure of dimen-
sion r 6= n − 1, will be prescribed by a p-form for p = n − r. Singular
material structure of dimension r is given in terms of a de Rham r-current
T, a generalized (n− r)-form. Thus, for a 3-dimensional manifold, the in-
teresting cases are r = 2 that gives the Bravais planes at the various points
and r = 1 that gives the inclination field of directors for the theory of discli-
nations.
In the deformation theory of dislocations, the Burgers vector is defined
using the gap that opens up between the positions of neighboring points.
Here, one considers the total amount of hyperplanes that are penetrated, in
one particular orientation, when a closed loop is followed. This motivates
the definition of the distribution of defects as the exterior derivative dϕ of
the structure form ϕ in the continuous case and as the boundary ∂T of the
structure current T in the singular case.
An attemptwasmade here to introduce some of the relevant background
on differential forms and de Rham currents. In Section 2 we briefly review
the subject of distributions, subbundles of the tangent bundle, induced by
a decomposable differential forms and the results pertaining to the sub-
manifolds they may induce. In Section 3 we use these results to introduce
structure p-forms and the corresponding exterior derivatives that repre-
sent the associated smoothly distributed defects. Section 4 presents the ba-
sic notions concerning de Rham currents and Section 5 uses these notions
to introduce the singular counterpart of structure forms and continuously
distributed defects. The simple cases of 0-dimensional material structures
and n-dimensional material structures are considered in Section 6. Sections
7 and 8 present the physically relevant cases of dislocations and disclina-
tions, and some examples are given. Thus, all the cases relevant to the 3-
dimensional space are covered. Section 9 considers the motion of material
structure and the associated defects, and the rate of change of the motion.
Both the continuous and singular cases are discussed for the case where the
material structure is carried with a family of diffeomorphism of the body
manifold. Finally, we give an example in which a smooth distribution of
defects evolves into a singular defect.
2. FORMS AND HYPERSURFACES
Defects are considered in this article to be obstacles to integrability. Con-
sider a family F of (n− r)-dimensional oriented hypersurfaces in the body
manifold M. We view the family F as a given material structure in the
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body. For example, a family of 2-dimensional surfaces in a 3-dimensional
body may be thought of as a family of lattice layers. Let S be an (r +
1)-dimensional submanifold with boundary in the body manifold. The
“amount” hypersurfaces belonging to F that cross the boundary ∂S , if dif-
ferent from zero, indicates the generation or annihilation of such hypersur-
faces in S . We view such creation or annihilation of material hypersurfaces
as an indication for the presence of defects in S .
In this section, we describe the notions from exterior calculus used for
the description of what is referred to above as a “family of hypersurfaces”
in the body manifoldM.
We recall [Ste83, pp. 16–17] that an r-dimensional subspace W of a vec-
tor space V is associated with a decomposable r-vector v which is unique
up to a scalar factor such that u ∈ W if and only if v ∧ u = 0. In the se-
quel we will use this property for subspaces D∗x of the various cotangent
spaces T∗xM, x ∈ M of dimension p = n − r. It is observed that each D
∗
x
determines a unique r-dimensional subspace Dx = (D∗x)
⊥ = {v ∈ TxM |
ω(v) = 0, for all ω ∈ D∗x}. Thus, a p-dimensional subspace D
∗
x ⊂ T
∗
xM is
determined by a decomposable p-covector (alternating tensor) ϕ.
We will use the notation vy ω for the contraction of a p-covector ω with
a vector v, a (p− 1)-covector satisfying
vyω(w1, . . . ,wp−1) = ω(v,w1, . . . ,wp−1) = ω(v ∧ w1 ∧ · · · ∧ wp−1). (2.1)
Let ω be a q-covector, q < p, such that ϕ ∧ ω = 0. Then, recalling the
identity
vy (ϕ ∧ω) = (vy ϕ) ∧ ω + (−1)rϕ ∧ (vyω), (2.2)
for any tangent vector v, one has,
ϕ ∧ (vyω) = 0 (2.3)
for every vector v that annihilates ϕ in the sense that vy ϕ = 0. In the
particular case q = 1, and assuming ϕ 6= 0, one has ω(v) = 0.
Conversely, if ω(v) = 0 for every v ∈ Dx,
(vy ϕ) ∧ω = 0 (2.4)
for every covector ω such that ϕ∧ω = 0. Since ϕ is decomposable, there is
a basis {ϕ1, . . . , ϕn} of TxM such that ϕ can be expressed as ϕ = ϕ1 ∧ · · · ∧
ϕp. Hence,
vy ϕ =
p
∑
i=1
(−1)i−1viϕ1 ∧ · · · ∧ ϕ̂i ∧ · · · ∧ ϕp. (2.5)
For any j = 1, . . . , p, ϕ ∧ ϕj = 0, hence,
0 = (vy ϕ) ∧ ϕj = (−1)p−j−1vjϕ1 ∧ · · · ∧ ϕp. (2.6)
It follows that vj = 0, for all j = 1, . . . , p, so that vy ϕ = 0. We conclude that
v ∈ Dx if and only if
vy ϕ = 0 (2.7)
and dimDx = r = n− p.
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Remark 1. Clearly, in a dual procedure and as given in [Ste83, pp. 16–17],
one could start with a simple r-vector v at a point x ∈ M and define the
subspace Dx = {v ∈ TxM | v ∧ v = 0}. Then, the orthogonal subspace
is given by D∗x = {α ∈ T
∗
xM | α(v) = 0, v ∈ Dx}. For an r-vector v
and a k-covector ω, with r > k, we use the inner product notation vxω, an
(r− k)-vector defined by,
ϕ(vxω) = (ϕ ∧ω)(v), (2.8)
for every (r− k)-covector ϕ. The condition that α ∈ D∗x may then be written
as
vx α = 0. (2.9)
A smooth decomposable differential p-form ϕ will induce therefore a
distribution D on M of dimension r = n − p. Here, by a “distribution”
we mean a subbundle of the tangent bundle rather than a Schwartz distri-
bution. Conversely, a distribution D of dimension r = n− p will induce a
collection of forms such that if ϕ induces D, so would the form aϕ for any
positive, real valued function a onM.
Let v1, . . . , vp ∈ TxM. We interpret ϕ(x)(v1, . . . , vp) as the amount of
hyperplanes belonging to the distribution that cross the infinitesimal p-
dimensional oriented element (a p-dimensional parallelepiped or a sim-
plex) generated by the vectors v1, . . . , vp. In particular, if for some i =
1, . . . , p, vi ∈ Dx, so that vy ϕ(x) = 0, this quantity will vanish as the
hyperplanes and the subspace generated by v1, . . . , vp intersect on a sub-
space of dimension greater than zero. Multiplying the form ϕ by a positive
function a, the resulting form aϕ is interpreted as describing a family of hy-
perplanes which are parallel to those represented by ϕ, and whose density
a times larger.
A distribution does not represent necessarily tangent spaces to a family
of hypersurfaces, as wewish to consider. It is recalled that an r-dimensional
submanifold S is an integral manifold of the distribution if TxS = Dx for
all x ∈ S . A distribution D is referred to as involutive if at each x ∈ M,
Dx is the tangent space of an r-dimensional integral manifold. The Frobe-
nius theorem implies (e.g., [AMR88, pp. 441-442]) that the distribution D is
involutive if and only if there is a 1-form β onM such that
dϕ = β ∧ ϕ. (2.10)
Consider the form ϕa = aϕ for a function a. Recalling the identity
d(µ ∧ ν) = dµ ∧ ν + (−1)qµ ∧ dν, (2.11)
for the q-form µ and a form ν overM, one has
dϕa = da ∧ ϕ + adϕ. (2.12)
Assume that condition (2.10) holds. Then, if the function a is a solution of
the equation da = −aβ, (2.12) implies that dϕa = 0. Conversely, assume
that dϕa = 0 for some positive function a. Then, the one form β = −da/a
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satisfies the integrability condition (2.10). We conclude therefore that the
distribution induced by a form ϕ is involutive if and only if it has an inte-
grating factor, a function a on M such that d(aϕ) = 0. Thus, for a form
that induces an involutive distribution, the density of the hyperplanes at
each point may be readjusted so that the exterior derivative of the resulting
form vanishes. In particular, if dϕ = 0, the distribution induced by ϕ is
involutive.
Remark 2. Let D be a distribution induced by a simple r-vector field v rep-
resented locally by v1 ∧ · · · ∧ vr for smooth vector fields v1, . . . , vr . Then,
using the Lie bracket notation, the condition that the distribution is invo-
lutive is that [vi, vj] is also a section of D for all i, j = 1, . . . , r. It is noted
however that we did not write a condition yet on v that will be equivalent
to the condition dϕ = 0. The theory of de Rham currents provides one with
the required tools for writing such a condition.
3. STRUCTURE FORMS, DEFECT FORMS AND THE CORRESPONDING
FRANK’S RULE
From the point of view of the material structure of bodies, any decom-
posable p-form represents a distribution of hyperplanes, Bravais hyper-
planes, at the various points in the body while an involutive distribution
represents a collection of submanifolds at the various material points i.e.,
hyperplanes at various points may be assembled to form tangent spaces of
n − p = r-dimensional submanifolds—the material or Bravais hypersur-
faces. We will refer to such decomposable forms as structure forms.
The material structure described by an involutive structure p-form may
still contain defects. Such defects are due to the creation or loss of material
hypersurfaces in some regions in the body. Let S be an (r+ 1)-dimensional
manifold with a boundary. The creation or loss of material hypersurfaces
inside S will be reflected by the integral of the structure form over the
boundary, ∂S . Note that the integrals of a form over S and its boundary
make sense even if the form is not involutive. In this case, the integral over
the boundary may naturally be interpreted as the creation of hyperplanes
rather than hypersurfaces.
Stokes’s theorem asserts thatˆ
∂S
ϕ =
ˆ
S
dϕ. (3.1)
Thus, if the exterior derivative dϕ of the structure form vanishes, the to-
tal creation or annihilation of material hypersurfaces within any (r + 1)-
submanifold S , as reflected in the total amount of hypersurfaces that cross
the boundary ∂S , will vanish. In other words, for a decomposable, form
ϕ satisfying (2.10), which, by the Frobenius theorem, induces a family of
hypersurfaces, the stronger condition, dϕ = 0, i.e., ϕ is closed, implies that
the family of hypersurfaces have no sources or sinks. This suggests that dϕ
is the measure of the sources of material, or Bravais, hypersurfaces inside
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the body M—the measure of the distribution of defects. We will refer to
dϕ as the defect form corresponding to ϕ.
It is recalled that the skew symmetry of the exterior derivative combined
with the symmetry of second derivatives of functions implies that for any
form α,
d2α := d(dα) = 0. (3.2)
Let ψ = dϕ be the defect form associated with the structure form ϕ. It
follows, therefore, that ψ must satisfy the condition
dψ = 0. (3.3)
This compatibility condition is the analog of Frank’s rules for defects of any
dimension on manifolds, as long they are smoothly distributed.
4. DE RHAM CURRENTS
Let ϕ be a decomposable p-covector at a point x ∈ M. It follows that
one may choose a basis {ei}, i = 1, . . . , n, of TxMwith dual basis {ϕ
i} such
that ϕ = ϕ1 ∧ · · · ∧ ϕp. Let ω be an (n− p)-covector such that ϕ ∧ ω 6= 0.
Then, ω must be of the form ω = aϕp+1 ∧ · · · ∧ ϕn + α, with ϕ ∧ α = 0, for
some nonvanishing number a. The subspaces induced by ϕ are spanned
by {ep+1, . . . , en}. Let {v1, . . . , vn} be n vectors in TxM and consider ϕ ∧
ω(v1, . . . , vn) = ϕ ∧ ω(v1 ∧ · · · ∧ vn). Then, v1 ∧ · · · ∧ vn must be of the
form
v1 ∧ · · · ∧ vn = be1 ∧ · · · ∧ en, (4.1)
for some real number b. The orthogonality of the two forms with vectors in
the respective subspaces implies that
ϕ ∧ω(v1 ∧ · · · ∧ vn) = ϕ(e1, . . . , ep)ω(bep+1 ∧ · · · ∧ en) = ab. (4.2)
This quantity, as well as the identical ((v1 ∧ · · · ∧ vn)x ϕ)(ω), is interpreted
as the amount of cells formed by the hyperplanes induced by the forms ϕ
and ω contained in the n-parallelepiped determined by v1, . . . , vn.
Accordingly, for a p-form ϕ and an (n − p)-form ω, one may interpret
the integral ˆ
M
ϕ ∧ω, (4.3)
as the total amount of cells inM.
Therefore, one may consider the linear operator Tϕ acting on (n − p)-
forms by
Tϕ(ω) =
ˆ
M
ϕ ∧ω. (4.4)
whose action on an (n − p)-form ω gives the total amount of cells corre-
sponding to ϕ ∧ω inM.
A linear functional Tϕ acting on differential forms as in (4.4) is a typical
simple example of a de Rham current.
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A de Rham r-current is a linear operator acting on the space of smooth
rforms with compact supports. A de Rham current T is required to be con-
tinuous in the following sense. Let (ωk) is a sequence of r-forms whose
supports are all contained in a compact subset of a coordinate neighbor-
hood and whose local representatives as well as all the partial derivatives
of all orders of the local representatives tend to zero uniformly as k → ∞.
Then, T(ωk) → 0. Thus, for the case r = 0, T is a Schwartz distribution on
the manifoldM. For r > 0, currents contain additional geometric proper-
ties in comparison with Schwartz distributions.
In contrast with the example above where the r-current Tϕ was induced
by a smooth (n− r)-form ϕ, currents may exhibit singular behavior. As a
typical simple example, an r-dimensional submanifold S ⊂ M induces a
current TS defined by
TS (ω) =
ˆ
S
ω (4.5)
for every r-form ω with compact support. In comparison with (4.4), the
current TS may be viewed as the limit of currents of the form Tϕ where the
support of ϕ shrinks to a small neighborhood of S and the value of its com-
ponents tend to infinity in that neighborhood. This process may be made
rigorous by the process of regularization (e.g., [dR84, pp. 61–70]) which is a
generalization of the analogous process for Schwartz distributions.
A current may be restricted to the domain of a chart onM by restricting
its action to forms supported in the domain of that chart. An r-form ω
which is supported in the domain of a chart, may be expressed using real
valued functions ωµ as
ω = ∑
(µ)
ωµdx
µ, (4.6)
where µ is an increasing (indicated by the parenthesis around it) r-multi-
index taking values in the range 1, . . . , n. By linearity,
T(ω) = ∑
(µ)
T(ωµdx
µ) = ∑
(µ)
Tµ(ωµ), (4.7)
where Tµ are the Schwartz distributions, 0-currents, so that Tµ(ωµ) =
T(ωµdxµ). For an m-vector field v and an r-current T, consider the (r+m)-
current T ∧ v defined by
(T ∧ v)(ω) = T(vyω). (4.8)
Here, in analogy with (2.1) vyω is the r-form such that for any r-vector field
w,
vyω(w) = ω(v∧w). (4.9)
Then, the restriction of a current T to a chart with domain U ⊂ M may be
represented locally by distributions Tλ in the form
T|U = ∑
(λ)
Tλ ∧
∂
∂xλ
. (4.10)
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This representation views a current as a generalizedmultivector fieldwhich
is the approach of [Whi57, p. 199]. Using a partition of unity, a current may
be represented by its restrictions to the domains of charts.
For a smooth m-form α and an r-current T with r > m, the (r − m)-
current Tx α is defined by
Tx α(ω) = T(α ∧ω). (4.11)
Using this notation, de Rham’s representation of currentsmay be expressed
as follows. Let {Tµ}, where µ is an increasingmulti-indexwith µi = 1, . . . , n,
i = 1, . . . , n− r, be n-currents in a coordinate neighborhood. Consider the
r-current
T = ∑
(µ)
Tµxdx
µ, (4.12)
so that
T(ω) = ∑
(µ)
Tµ(dx
µ ∧ω). (4.13)
Using the linearity of the currents, it may be shown that the restriction of
a current to a coordinate neighborhood may be represented in the form
(4.12). It is noted that in (4.12), currents are viewed as generalized forms.
Let T be a current which is given in a coordinate neighborhood inM by
the single Schwartz distribution T0 and an r-vector field v in the form
T = T0 ∧ v. (4.14)
Then, Tx α = 0 for every 1-form α that takes values in the distribution
D∗ which is orthogonal to that induced by v. Conversely, let D∗ be a p-
dimensional subbundle of T∗M and assume that for a current T, Tx α = 0
for every 1-form α valued in D∗. Then, T is of the form (4.14) where v is a
multivector that induces the distribution D which is orthogonal to D∗.
The boundary of an r-current T is the (r − 1)-current ∂T defined by the
condition
∂T(ω) = T(dω). (4.15)
Consider the r-current Tϕ defined in terms of a smooth (n− r)-form ϕ as in
(4.4). Then, using (2.11), Stokes’s theorem and the fact that ω has a compact
support inM, one has
∂Tϕ(ω) =
ˆ
M
ϕ ∧ dω,
= (−1)n−r
[ˆ
M
d(ϕ ∧ω)−
ˆ
M
dϕ ∧ω
]
= (−1)n−r
[ˆ
∂M
ϕ ∧ω −
ˆ
M
dϕ∧ ω
]
,
= (−1)n−r+1
ˆ
M
dϕ∧ω.
, (4.16)
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It follows that,
∂Tϕ = (−1)
n−r+1Tdϕ. (4.17)
For an r-dimensional submanifold with boundary S , the boundary of the
current TS defined in (4.5) satisfies
∂TS (ω) = TS (dω),
=
ˆ
S
dω,
=
ˆ
∂S
ω.
(4.18)
Hence,
∂TS = T∂S (4.19)
which motivates the terminology used.
Finally, since for every form ω, d2ω = 0, one has ∂2T(ω) = ∂(∂T(ω)) =
T(d2ω), and we conclude that
∂2T = 0, (4.20)
identically.
5. STRUCTURE CURRENTS, DEFECT CURRENTS AND FRANK’S RULES
It is concluded from the previous section that de Rham currents may be
thought of as generalizations of smooth differential forms to the singular,
non-smooth, case, or alternatively, as generalization of smooth multivector
fields to the singular case. In addition, the boundary of a current general-
izes the exterior derivative of a form. Thus, an r-current will be the singular
counterpart of a p = n− r structure form and will be referred to as a struc-
ture current. Accordingly, for a structure current T, the boundary ∂T will
represent the geometry of the defects and will be referred to as the defect
current. The material structure represented by the current T will be defect
free if ∂T = 0.
We recall that the constancy theorem for currents asserts that on a con-
nected manifold M, a closed n-current T, i.e., T satisfies ∂T = 0, is repre-
sented by a constant c in the form
T(ω) = c
ˆ
M
ω. (5.1)
GEOMETRY AND KINEMATICS OF SINGULAR DEFECTS 10
One may apply this to the de Rham representation of currents (4.12) as
follows. We observe first that by (4.12), one has
∂T(ω) = T(dω) = ∑
(µ)
Tµ(dx
µ ∧ dω),
= (−1)n−r ∑
(µ)
Tµ(d(dx
µ ∧ω)),
= (−1)n−r ∑
(µ)
∂Tµ(dx
µ ∧ω),
= (−1)n−r ∑
(µ)
∂Tµxdx
µ(ω),
(5.2)
where (2.11) was used in the second line. It follows that the boundary of
the current T can always be represented by the (n− 1)-currents ∂Tµ in the
form
∂T = (−1)n−r ∑
(µ)
∂Tµxdx
µ. (5.3)
Assume that the current T is given the form
T = T0x ϕ = T0x (ϕ
1 ∧ · · · ∧ ϕn−r) (5.4)
for an n-current T0 and a collection of n− r linearly independent1-forms ϕi,
i = 1, . . . , n− r spanning a subbundle D∗of T∗M. The current T can thus
be associated with the distribution D∗. In particular, let ψ be any 1-form
valued in D∗, then, for each (r− 1)-form ω,
(Txψ)(ω) = (T0x ϕ)(ψ ∧ω),
= T0(ϕ ∧ ψ ∧ω),
= 0.
(5.5)
Thus, Txψ = 0.
Conversely, assume that for a general current T, we are given that Txψ =
0 for every section ψ of a subbundle D∗. We consider the restriction of T
to a coordinate neighborhood in which D∗ is induced by the form ϕ =
ϕ1 ∧ · · · ∧ ϕn−r in which ϕ1, . . . , ϕn span T∗M. Writing T = ∑(λ) Tλx ϕ
λ, it
follows that for any (r− 1)-form ω and all sections ψ of D∗,
0 = (Txψ)(ω),
= ∑
(λ)
((Tλx ϕ
λ)xψ)(ω),
= ∑
(λ)
Tλ(ϕ
λ ∧ ψ ∧ω).
(5.6)
Since ϕ1...n−r ∧ ψ = 0, it follows that Tλ = 0 for all λ 6= 1, . . . , r. Hence,
T = T1...n−rx (ϕ
1 ∧ · · · ∧ ϕn−r). We conclude that Txψ = 0 for every section
of a subbundle D∗ ⊂ T∗M, if an only if
T = T0x ϕ (5.7)
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for an n-current T0 and an (n− r)-form ϕ associated with D∗. We will refer
to such a current as a decomposable current. It is observed that the condi-
tion Txψ = 0 for every section ψ of D∗, induces an ideal on the collection
of forms in the sense that for each q-form α, with q 6 n− r − 1, Txψ = 0
for all ψ implies that Tx (ψ ∧ α) = (Txψ) ∧ α = 0 also.
Finally, if S is a current representing the defect structure, the identity
∂2T = 0 implies that ∂S = 0, necessarily. This is the generalization of
Frank’s rules for a possibly singular defect structure.
6. THE SIMPLE CASES
In this sectionwe consider the simple, possibly trivial, cases of n-currents
and 0-currents, where it is recalled that 0-currents are Schwartz distribu-
tions on the manifoldM.
6.1. 0-Forms, n-Currents and Nonuniformity. A 0-form ϕ onM is a real
valued differentiable function. One may interpret the form ϕ as a field de-
scribing a certain intensive property in M such as the temperature field,
a certain potential field, etc. A 0-form does not induce nontrivial hyper-
planes and so no real material structure is represented by ϕ. In addition,
the condition dϕ = 0 is not really a condition of integrability as ϕ can-
not be the exterior derivative of a form. However, the nonuniformity of ϕ,
implied by dϕ 6= 0 may still be regarded as a representation of a field of
defects. This is manifested clearer in the case where we consider currents.
The currents under consideration will be of order n.
Consider for example an n-dimensional submanifold with boundaryB ⊂
M. Let TB be the n-current inM given by
TB(ω) =
ˆ
B
ω. (6.1)
It follows from (4.19) that∂TB(α) = T∂B(α). This identity suggests that the
boundaries of bodies be interpreted as defects. The condition ∂2TB = 0
simply imply in this case that the boundary of ∂B vanishes.
6.2. Schwartz Distributions: The Case of 0-Currents. Differential forms
of degree n may be integrated over bounded subsets of the material mani-
foldM. As such, from the physical point of view, they represent densities
of extensive properties such as the mass density or electric charge density.
Such forms may be paired with smooth 0-forms of compact supports, that
is, with test functions over M. Thus, if ρ is an n-form, one may consider
the 0-current Tρ given by,
Tρ(ϕ) =
ˆ
M
ρϕ (6.2)
for every test function ϕ. Evidently, the product with the test function ϕ
cuts off the integrand so that if ρ is measurable, the integral is well defined.
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The test function ϕ may be interpreted as a potential so that ϕρ may be
interpreted as the corresponding energy density.
An (n− 1)-form σ induces another construction of a 0-current ∂Tσ by
∂Tσ(ϕ) = Tσ(dϕ) =
ˆ
M
σ ∧ dϕ. (6.3)
It is noted that Tσ is a 1-current induced by the form σ. If we interpret the
test form ϕ as a potential, dϕ may be interpreted as (minus) the correspond-
ing force field and σ may be interpreted as the flux field for some extensive
property under consideration, so that σ ∧ dϕ is the density of power.
For any n-form ρ, one has dρ = 0. In analogy, 0-currents have no bound-
ary. Hence, no defectsmay be associatedwith such densities. Nevertheless,
we may interpret the n-form ρ as the void fraction or density of vacancies
in the body.
Singular 0-currents are singular distributions defined on the manifold
M. Thus, in addition to currents induced by n-forms as in (6.2), one may
consider distributions such as the Dirac measure δx at a point x ∈ M , i.e.,
the current defined by
δx(ϕ) = ϕ(x) (6.4)
for any test function ϕ. In addition, for a 0-current T and a vector field w,
one may consider the 0-current ∂(w ∧ T) which acts on test functions by
∂(w ∧ T)(ϕ) = (w ∧ T)(dϕ) = T(dϕ(w)). (6.5)
For example,
∂(w ∧ δx)(ϕ) = δx(dϕ(w)) = (dϕ(x))(w(x)) (6.6)
which is the directional derivative of ϕ at x in the direction of w(x).
Singular 0-currents may be interpreted as concentrated vacancies or in-
clusions. For example, (dϕ(x))(w(x)) may be interpreted as the power
expended by the force dϕ(x) for the velocity w(x) of the concentrated in-
clusion.
7. DISLOCATIONS
The description of smooth distributions of dislocations in terms of differ-
ential forms on general manifolds and the generalization to singular dislo-
cations using de Rham currents are discussed in our previous paper [ES12].
Here, following the general introduction below and the reviewing the ex-
ample of an edge dislocation, we will consider the example of a screw dis-
location which we did not consider in [ES12]. Finally, we will demonstrate
how the Frank rules follow from the condition ∂2T = 0.
7.1. The Geometry of Dislocations. Continuous distributions of disloca-
tions in the bodyM are associated with the integrability issue of a 1-form
ϕ. Each 1-form is trivially decomposable and as such, it induces at each
x ∈ M a hyperplane Dx which we interpret as the Bravais hyperplane at
that point. Multiplying ϕ be a positive function a will have the effect of
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changing the density of the Bravais hyperplanes. In fact, the covector ϕ(x)
is intimately related to the Miller indices for the Bravais planes at x. It is
natural therefore to refer to the 1-form ϕ as the layering form.
Rather than considering the Burgers vector obtained by tracing a loop in
the non dislocated body and evaluating the vector needed to close the loop
in the dislocated state, we envisage an integration over a closed loop of the
form ϕ which is interpreted as the total amount of hyperplanes that pene-
trate the loop in one particular orientation. It is noted that being a 1-form,
the distribution induced by ϕ is not necessarily involutive. For a smooth
layering 1-form ϕ, the distribution of dislocations is modeled by dϕ. In
case dϕ = 0, locally, by the Poincare lemma there is a function u such that
w = du. We view u as a labeling function for the Bravais hypersurfaces.
For additional examples to those given below, see [ES12].
For the singular case, the layering is modeled by an (n − 1)-structure
current T and the dislocations are described by its boundary ∂T.
7.2. Edge Dislocations. Assume thatM is an n-dimensionalmanifold with-
out boundary and let S be an (n − 1)-submanifold with boundary of M.
We consider the (n− 1)-structure current TS given by (4.5). Then, as shown
in (4.19), the dislocation (n− 2)-current is given by T∂S .
As a concrete example in R3, consider the case where M = (−1, 1)3 is
an open cube in R3. Let
S = {(0, x2, x3) ∈ M | x2 6 0} (7.1)
equipped with the orientation induced by the form dx2 ∧ dx3. The cur-
rent TS represents an added half plane. Then, ∂TS = T∂S , where ∂S =
{(0, 0, x3) ∈ M}, oriented naturally by the form dx3, is the singular dislo-
cation line as expected.
7.3. Screw Dislocations. We present here an additional example, that of a
screw dislocation.
Let L ⊂ R3 be given by L = {(0, 0} ×R} = {(0, 0, z) | z ∈ R} and let
D ⊂ R3 be given by D = R3 \ L = {(x, y, z) ∈ R3 | (x, y) 6= (0, 0)}. It is
noted that on D we may use a cylindrical coordinate system (r, θ, z), where
we take the domain [0, 2pi) for θ without using a proper atlas on the unit
circle.
Consider the layering 1-form ϕ on D defined by
ϕ = −
b
2pi
dθ + dz. (7.2)
Evidently, as its components are constants, ϕ is a closed form. It thus fol-
lows from Poincare’s lemma that locally ϕ is exact. Since D is not con-
tractible to a point, ϕ is not exact globally. In fact, in the open set D \
{(r, θ, z) | θ = 0}, ϕ = dF for the real valued
F(r, θ, z) = −
bθ
2pi
+ z (7.3)
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whose level sets
z =
bθ
2pi
+ C, C ∈ R (7.4)
describe spiraling screw threads of pitch b.
For any r > 0, let Sr,l = {(x, y, z) ∈ R
3 | x2 + y2 = r2, z = l} be the circle
of radius r situated at z = l and let ι : Sr,l → D be the inclusion. Then, for
example, ˆ
Sr,l
ϕ =
ˆ
Sr,l
ι∗(ϕ),
=
ˆ
Sr,l
−
b
2pi
dθ,
= −b.
(7.5)
(It is observed that ι∗(ϕ)(∂/∂θ) = ϕ(ι∗(∂/∂θ)) = ϕ(∂/∂θ) = −b/2pi.)
We now consider the structure 2-current Tϕ in R
3, given by
Tϕ(ω) =
ˆ
D
ϕ ∧ ω (7.6)
for any 2-form ω on R3 with compact support. In order to determine the
associated geometry of the dislocation, we examine the defect current, the
boundary ∂Tϕ. For any 1-form α, we have,
∂Tϕ(α) = Tϕ(dα),
=
ˆ
D
ϕ ∧ dα,
= −
ˆ
D
d(ϕ ∧ α) +
ˆ
D
dϕ∧ α.
(7.7)
Since dϕ = 0 in D, we conclude that
∂Tϕ(α) = −
ˆ
D
d(ϕ ∧ α). (7.8)
Let Cε = {(x, y, z, ) ∈ R3 | x2 + y2 < ε2} and let Dε = R3 \ Cε. We may
write
∂Tϕ(α) = −
ˆ
D
d(ϕ ∧ α) = − lim
ε→0
ˆ
Dε
d(ϕ ∧ α). (7.9)
Now it is noted that Dε is a manifold with a boundary. In fact, setting
Sε = {(x, y) ∈ R2 | x2 + y2 = ε2}, ∂Dε = Sε × R. We may therefore use
Stokes’s theorem in (7.9) and obtain
∂Tϕ(α) = − lim
ε→0
ˆ
∂Dε
ι∗(ϕ ∧ α), (7.10)
where ι∗(ϕ ∧ α) is the pullback under the inclusion ι : ∂Dε → Dε which is
simply the restriction of ϕ ∧ α to vectors tangent to ∂Dε.
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A 1-form α is represented by α = αxdx + αydy + αzdz for the smooth
functions αx, αy, and αz defined on R
3. In D, the form α may also be rep-
resented using cylindrical coordinates as α = αrdr + αθdθ + αzdz. Since
αxdx+ αydy = αrdr+ αθdθ, using x = r cos θ, y = r sin θ and
dx =
∂x
∂r
dr+
∂x
∂θ
dθ, dy =
∂y
∂r
dr+
∂y
∂θ
dθ, (7.11)
one has
αθ = r(−αx sin θ + αy cos θ). (7.12)
The restriction to ∂Dε satisfies
ι∗(ϕ ∧ α) = (ϕθαz − ϕzαθ)dθ ∧ dz =
(
−
b
2pi
αz − αθ
)
dθ ∧ dz, (7.13)
and it follows that
∂Tϕ(α) = lim
ε→0
ˆ ∞
−∞
dz
[ˆ
Sε
(
b
2pi
αz + αθ
)
dθ
]
,
=
ˆ ∞
−∞
dz
{
lim
ε→0
[ˆ
Sε
(
b
2pi
αz −+αθ
)
dθ
]}
.
(7.14)
Examining the limit in the second line of (7.14), we first note that
lim
ε→0
ˆ
Sε
αθdθ = lim
ε→0
ˆ
Sε
ε(−αx sin θ + αy cos θ)dθ,
= 0,
(7.15)
since αx → αx(x = 0, y = 0, z), αy → αy(x = 0, y = 0, z), as ε → 0 (and thus
are independent of θ), and since the integrals of the trigonometric functions
of over the circle vanish. In addition,
lim
ε→0
ˆ
Sε
b
2pi
αzdθ = bαz(0, 0, z), (7.16)
and one concludes that
∂Tϕ(α) = b
ˆ ∞
−∞
αz(0, 0, z)dz. (7.17)
If we assign the natural orientation to L = {(0, 0)} ×R ⊂ R3, we may use
TL to denote the 1-current given by
TL(α) =
ˆ
L
ι∗L(α). (7.18)
Here ι∗L : L → R
3 is the natural inclusion so that for any 1-form α = αxdx+
αydy+ αzdz, ι∗L(α) = αzdz. Thus, we may write the current as
∂Tϕ = bTL. (7.19)
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Remark 3. Using the same notation as above, consider the case where in-
stead of ϕ given in (7.2) one has the 1-form ϕ′ given by
(7.20)
ϕ′ = −
b
2pi
dθ. (7.21)
Since ϕ′ is annihilated by the vector space spanned by the base vectors ∂/∂r
and ∂/∂z, the layers induced by ϕ′ look like the pages of a book spread
evenly in all directions. If we follow the same steps as above we obtain
ϕ′ ∧ α = −
b
2pi
(αrdθ ∧ dr+ αzdθ ∧ dz), (7.22)
so that
ι∗(ϕ′ ∧ α) = −
b
2pi
αzdθ ∧ dz. (7.23)
If follows that ∂Tϕ′ = ∂Tϕ. This observation may be viewed as follows. Let
Tdz be the current induced by the form dz. Then, since d
2z = 0, ∂Tdz = 0.
Since Tϕ = Tϕ′ − (b/2pi)Tdz, it follows that ∂Tϕ = ∂Tϕ′ . Alternatively,
one may envisage a smooth twist of R3 about the z-axis under which the
book is deformed into the book. Since our objects are invariant under dif-
feomorphisms, both layering structures have the same dislocations. Thus
for example, a similar observation will hold if the pages of the book are
not plane but are bent perpendicularly to the z-axis forming the shape of a
whirlpool.
7.4. The Frank Rules for Dislocations. If the 2-form ψ describes the con-
tinuous distribution of dislocations, the Frank rules are induced by the
compatibility condition dψ = 0. For the singular case, if an (n− 2)-current
R represents the geometry of the dislocations, the compatibility condition
that induces Frank’s rules is ∂R = 0.
For example, let S be an (n− 1)-dimensional submanifold with bound-
ary ofM and consider the the (n− 2)-current R so that
R(ψ) =
ˆ
∂S
uψ (7.24)
for some given differentiable function u defined on ∂S . then, the boundary
∂R is given by
∂R(α) =
ˆ
∂S
udα,
=
ˆ
∂S
d(uα)−
ˆ
∂S
du ∧ α,
=
ˆ
∂2S
uα−
ˆ
∂S
du ∧ α,
= −
ˆ
∂S
du ∧ α.
(7.25)
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Here, α is any (n − 3)-form so for the three dimensional case α is any
smooth function of compact support. Since compatibility imposes the con-
dition ∂R = 0, it follows that for R to be a dislocation current, the function
umust be constant on ∂S which is Frank’s first rule.
8. INCLINATIONS AND DISCLINATIONS
Disclinations are viewed here as defects in the arrangements of 1-dimensional
subspaces, or directors. As in [Fra58] and [Cha77], this field may indicate
the inclinations of the optical axes of liquid crystals. The interpretation
of disclinations as defects in the orientations of the Bravais planes (e.g.,
[KA75]) may be viewed in some cases as defects in the arrangements of
the normal vectors to the respective Bravais planes. Such cases can be de-
scribed using the framework outlined below.
Thus, disclinations are represented as boundaries of currents of order 1.
In the smooth case such a current is represented by an (n− 1)-form ϕ, the
inclination form, and the structure of the disclinations is given by the n-
form dϕ. It is noted that any (n − 1)-form is decomposable. (See [Ste83,
Section 1.V], and [SR03] for a continuum mechanical application.) The in-
duced distribution is necessarily involutive and the 1-dimensional integral
submanifolds to which the directors are tangent may be easily constructed
as follows.
At each point x ∈ M where ϕ(x) 6= 0, ϕ(x) determines a unique 1-
dimensional subspace Wx of the tangent space TxM by vy ϕ(x) = 0 for
each v ∈ Wx. The collection of subspaces Wx forms a 1-dimensional dis-
tribution. The 1-dimensional subspace Wx may be determined as follows.
Let θ be a volume element onM. Locally, θ may be represented in the form
θ = θ0dx
1 ∧ · · · ∧ dxn (8.1)
for a positive real valued function θ0 and ϕ may be represented locally in
the form
ϕ =
n
∑
i=1
ϕ1...ıˆ...ndx
1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn
where a “hat” indicates the omission of an element. Then, there is a unique
tangent vector u such that uy θ = ϕ. If a vector u is represented by u =
∑i u
i∂/∂xi, then, uy θ is represented by
uy θ =
n
∑
i=1
(−1)i−1θ0u
idx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn. (8.2)
Thus, as θ0 6= 0, there is always a vector field u satisfying uy θ = ϕ and its
components are given locally by
ui = (−1)i−1
ϕ1...ıˆ...n
θ0
. (8.3)
If we select a different volume element, the only parameter that will change
in the equation above will be the positive number θ0 and so the resulting
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vector will be in the same one dimensional subspace. Thus, the form ϕ
determines a unique oriented 1-dimensional subspace Ux at each x such
that ϕ(x) 6= 0. If no particular orientation is chosen on M no orientation
will be induced on Ux. The space Wx and Ux are isomorphic. Let θ be a
volume elements and u the vector such that ϕ = uy θ. Then, any nonzero
v ∈ Ux is of the form v = au, a 6= 0. Thus, vy (uy θ) = auy (uy θ) = 0,
because θ(u, u, v3, . . . , vn) = 0 for any collection of vectors v3, . . . , vn.
For an (n− 1)-form ϕ we interpret the distribution W of 1-dimensional
subspaces of the tangent space as indicating the inclinations of the directors
in the body. Multiplying the form ϕ by a positive number will affect the
“density” of the directors.
Unlike the case of Bravais hyperplanes, inclination fields are always in-
volutive, i.e., at each point x ∈ M there is a curve cx : (−ε, ε) →M, ε > 0,
such that cx(0) = x and the tangent vector to the curve satisfies
dcx
dt
∣∣∣∣
t=0
∈ Wx. (8.4)
Since we have assumed that the form ϕ is differentiable, it follows that
for a choice of a smooth volume element θ, the representing vector field u
is differentiable. Hence, the theorems on the existence and uniqueness of
the solutions of ordinary differential equations imply the existence of the
integral lines to the vector field u, i.e., at each point x ∈ M there is a curve
cx : (−ε, ε) → M, ε > 0, such that cx(0) = x and the tangent vector to the
curve
dcx
dt
∣∣∣∣
t=0
= u(x). (8.5)
An inclination form may be integrated over (n − 1)-dimensional sub-
manifolds ofM. Let S be an oriented (n− 1)-dimensional submanifold of
M. Then,
ΦS =
ˆ
S
ϕ (8.6)
is interpreted as the total amount of directors penetrating the surface S .
It should be noted that ΦS depends on the orientation of S and that the
restriction of ϕ to a point in S may be of the same orientation as S or the
inverse orientation. Thus, for a nonvanishing inclination form, the total ΦS
may vanish which implies that each of the integral lines penetrates S in one
orientation the same number of times that it penetrates S in the opposite
orientation.
For the inclination (n − 1)-form ϕ, the distribution of smooth disclina-
tions induced is the exterior derivative, the n-form dϕ. Thus, for a n-
dimensional submanifold with boundary B ⊂ M, letting S = B in (8.6),
Φ∂B is interpreted as the total amount of directors that penetrate ∂B.
Stokes’s theorem implies immediately that
Φ∂B =
ˆ
B
dϕ, (8.7)
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so that Φ∂B is the integral of the disclination field over B. Figuratively
speaking, the disclination field represents the source term for the directors.
It is observed that for any given vector field one can label the integral
lines by a submanifold of dimension n− 1 of initial conditions (see [AMR88,
pp. 246–247]). However, the vector fields induced by ϕ depend on the
choice of volume element θ. Thus, such labeling is not unique and the
presence of disclinations will reflected by dϕ.
An inclination (n− 1)-form ϕ induces a de Rham 1-current Tϕ as in (4.4).
In the non-smooth case, we replace the inclination 1-form ϕ and the cur-
rent it induces by a general inclination 1-current T. Inclination currents that
are not given in terms smooth (n− 1)-forms represent singular, or concen-
trated, director fields as the examples below illustrate.
Example 4. A non-coherent interface 1. Consider the locally integrable
(n− 1)-form ϕ in Rn given by
ϕ(x) =
{
dx1 ∧ · · · ∧ dxn−1, for x ∈ R
n+
,
adx1 ∧ · · · ∧ dxn−1, for x ∈ Rn−,
(8.8)
where a ∈ R is a constant, Rn− = {x ∈ Rn | xn < 0}, and R
n+
= {x ∈ Rn |
xn > 0}. The inclination form ϕ induces a 1-current Tϕ by
Tϕ(ω) =
ˆ
Rn
ϕ ∧ω. (8.9)
Clearly, the 1-dimensional subspace spanned by ∂/∂xn annihilates ϕ(x) for
all x for which xn 6= 0. Thus, the directors are aligned in the xn direction.
For any smooth compactly supported 0-form α in Rn,
∂Tϕ(α) =
ˆ
Rn
ϕ ∧ dα,
=
ˆ
Rn−
ϕ ∧ dα +
ˆ
R
n+
ϕ ∧ dα,
= (−1)n−1
[ˆ
Rn−
d(αϕ)−
ˆ
Rn−
αdϕ +
ˆ
Rn+
d(αϕ)−
ˆ
Rn+
αdϕ
]
,
= (−1)n−1
[ˆ
∂Rn−
αϕ +
ˆ
∂Rn+
αϕ
]
(8.10)
where in the third line we used (2.11). Let P be the hyperplane in Rn de-
fined by xn = 0 oriented such that P = ∂Rn− = −∂Rn+ so that θP =
dx1 ∧ · · · ∧ dxn−1 is the natural volume element on P. Let TP be the 0-
current given by
TP(α) =
ˆ
P
αθP. (8.11)
We conclude that
∂Tϕ = (−1)
n−1(a− 1)TP, (8.12)
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which is interpreted as a concentrated source of directors of magnitude
a− 1 which is distributed over the x1, . . . , xn−1 hyperplane.
Example 5. A non-coherent interface 2. Consider the locally integrable
1-form ϕ in Rn given by
ϕ(x) =
{
ϕ2, for x ∈ R
n+
,
ϕ1, for x ∈ Rn−,
(8.13)
where ϕ1 and ϕ2 are uniform (n− 1)-forms in Rn− and R
n+
, respectively.
Letting Tϕ be the 1-current defined by
Tϕ(ω) =
ˆ
Rn
ϕ ∧ω, (8.14)
it follows from (8.10) that
∂Tϕ(α) =
ˆ
P
α(ϕ1− ϕ2). (8.15)
We conclude that the disclination current vanishes if ϕ1 and ϕ2 have the
same restriction to P, i.e., both forms have the same component relative to
dx1 ∧ · · · ∧ dxn−1. In particular, let v be a vector parallel to the x1, . . . , xn−1-
plane. Then, ϕ2 = vydx1 ∧ · · · ∧ dxn is annihilated by the 1-dimensional
space spanned by v and all the components of ϕ2 that do not vanish corre-
spond to basis elements of the form
dx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn, k = 1, . . . , n− 1.
In this case, the directors corresponding the ϕ2 do not intersect the x
1, . . . , xn−1-
plane, the component of ϕ2 relative to dx
1 ∧ · · · ∧ dxn−1 vanishes, and
∂Tϕ(α) =
ˆ
P
αϕ1. (8.16)
Example 6. An edge disclination. Let L be a connected and oriented 1-
dimensional submanifold with a boundary of M. Then, L induces a 1-
current TL by
TL(ω) =
ˆ
L
ω, (8.17)
for all compactly supported smooth 1-forms ω inM. Using Stokes’s theo-
rem, one has
∂TL(α) =
ˆ
L
dα =
ˆ
∂L
α. (8.18)
Evidently, as ∂L is a 0-dimensional submanifold, and assuming it is not
empty, it may contain one or two points, each having either a positive or a
negative orientation while the other point, if exists, has the opposite orien-
tation.
In the case where ∂L contains one point x1 and assuming its orientation
is positive, one has ∂L(α) = α(x0), representing an edge disclination orig-
inating at x0. This will be the situation if M = (−1, 1)3 ⊂ R3 and L =
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{(0, 0, z) | −1 < z 6 0} so that x1 = (0, 0, 0). In this case the disclination
does not terminate inside the body. In the case where ∂L contains also the
additional point x2 having a negative orientation, ∂L(α) = α(x1) − α(x2)
and the disclination terminates at x2.
Example 7. Directors emanating from a singular line. Using the notation
introduced in Section 7.3 on screw dislocations, consider the inclination
n− 1 = 2-form ϕ defined on D ⊂ R3 by
ϕ = dθ ∧ dz. (8.19)
The inclination form induces an inclination 1-current T on R3 by the right
had side of (7.6). It is noted that in its domain of definition, dϕ = 0.
To compute the disclination 0-current ∂T, one observes that for any smooth
function α, compactly supported in R3, (2.11) implies that
∂T(α) =
ˆ
D
d(αϕ)−
ˆ
D
αdϕ,
= lim
ε→0
ˆ
Dε
d(αϕ),
= lim
ε→0
ˆ
∂Dε
ι∗(αϕ),
= lim
ε→0
ˆ
∂Dε
αdθ ∧ dz.
(8.20)
In analogy with the computations of Section 7.3, one obtains
∂T(α) = 2pi
ˆ ∞
z=−∞
α(0, 0, z)dz, (8.21)
which we may write as
∂T = 2piTLxdz. (8.22)
Thus, we have a uniform distribution of directors’ source along the z-axis.
9. KINEMATICS OF DEFECT DISTRIBUTIONS
In this section we consider the kinematics of the material structure and
the distribution of defects. Noting that material structure and the associ-
ated defects are viewed here as intrinsic to a body and unrelated to the
kinematics of the body in space, in the following two subsections we con-
sider the motion of material structure and defects resulting from a family
of diffeomorphisms of the body. (See [FS13] for another application of the
same mathematical notions.) In other words, the material structure, as rep-
resented by a smooth form and its exterior derivative or a de Rham current
and its boundary, are carried with material diffeomorphisms. In contrast,
the last subsection proposes an example for an evolution of a continuously
distributedmaterial structure to a singular one using a process which is the
opposite of smoothing.
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9.1. Smooth Evolutions of Structure Forms and Continuously Distributed
Defects. In order to study the deformation of structure forms and currents,
we consider the following setting. It is assumed that we are given a time
dependent flow, or a smooth evolution operator, Φ : I2 ×M → M in the
interval I = [a, b] ⊂ R. That is, for each time instances t and τ, with t 6 τ,
t, τ ∈ I , Φτ,t :M→M is a diffeomorphism and Φτ,t ◦Φt,s = Φτ,s. For t >
τ, Φτ,t = Φ
−1
t,τ , which implies that Φt,t = IM, the identity diffeomorphism.
Evidently, the flow induces a smooth homotopy h : [a, b] ×M → M by
h(t, x) = ht(x) = Φt,a(x) so that Φτ,t = hτ ◦ h
−1
t . The time dependent flow
induces a time dependent vector field w : I ×M→ TM by setting
w(t, x) =
∂
∂τ
∣∣∣∣
τ=t
Φτ,t(x) =
∂
∂τ
∣∣∣∣
τ=t
hτ(h
−1
t (x)), (9.1)
that is, w(t, x) is the tangent at the time τ = t to the curve
ct,x(τ) = Φτ,t(x) = hτ(h
−1
t (x)), (9.2)
starting at x at time t (see for example [AMR88, p. 283]). Conversely, the
flow is the solution of the differential equation
w(s,Φs,t(x)) =
∂
∂τ
∣∣∣∣
τ=s
ct,x(τ) =
∂
∂τ
∣∣∣∣
τ=s
Φτ,t(x) =
∂
∂τ
∣∣∣∣
τ=s
hτ(h
−1
t (x)).
(9.3)
Alternatively, setting t = a, the differential equation may be expressed as
w(s, hs(x)) =
∂
∂τ
∣∣∣∣
τ=s
hτ(x). (9.4)
Each diffeomorphismΦτ,t induces the pullback of forms Φ
∗
τ,t from Image hτ
onto Image ht. In particular, if ω is an r-form with compact support inM,
the same holds for its pullback Φ∗τ,tω.
Let ϕ be a (time independent) differentiable, material structure (n− r)-
form. Then, for each t ∈ I , the flow induces a time dependent (n− r)-form
Φ∗τ,tϕ and in particular the form h
∗
t ϕ. It is also recalled that for any (n− r) -
dimensional submanifold S ⊂ M, and a form ϕ having a compact support,
one has [AMR88, p. 466] ˆ
S
h∗t ϕ =
ˆ
ht{S}
ϕ. (9.5)
This will hold in the particular case where the submanifold S is compact
so that the restriction of h∗t ϕ to S has a compact support. It is evident
from the above observations that rather than h∗t ϕ, it is the pushforward
h−∗t ϕ := h
∗−1
t ϕ = h
−1∗
t ϕ that represents the evolution of the structure form.
Specifically, replacing ht by h
−1
t and S by ht{S} above, one hasˆ
ht{S}
h−∗t ϕ =
ˆ
S
ϕ, (9.6)
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which indicates how the evolution of the structure form follows the evolu-
tion ht{S} of the submanifold. It is emmphasized that we regard the flow
Φ to be associated with the structure of matter only and has nothing to do
with the motion in space of the material points belonging to the body.
It is recalled that for each differentiable mapping f : M → N between
a manifold M and a manifold N , and a differentiable form ϕ, one has
f ∗(dϕ) = d( f ∗ϕ). Thus, in our setting, h−∗t (dϕ) = d(h
−∗
t ϕ), that is, the
smooth field of defects induced by h−∗t ϕ is obtained by the pushforward of
the field of defects induced by ϕ.
We also note that as f ∗(α∧ β) = f ∗α∧ f ∗β [AMR88, p. 420]. Thus, if Tϕ is
the r-current onM induced by ϕ, then for any r-form ω having a compact
support onM,
Tϕ(ω) =
ˆ
M
ϕ ∧ω,
=
ˆ
M
h−∗t (ϕ ∧ω),
=
ˆ
M
h−∗t ϕ ∧ h
−∗
t ω.
(9.7)
It is concluded therefore that
Tϕ(h
∗
t ω) = Th−∗t ϕ(ω). (9.8)
Next, we would like to compute the rate at which the structure form
evolves under the flow. In general, using the Lie derivative Lwτ ω of a
form ω relative to the vector field wτ associated with the flow Φτ,t, one
has [AMR88, p. 372]
∂
∂τ
∣∣∣∣
τ=s
Φ∗τ,tω = Φ
∗
s,t(Lwsω). (9.9)
In particular, for s = t and for t = a, the relation above specializes to
∂
∂τ
∣∣∣∣
τ=t
Φ∗τ,tω = Lwtω,
∂
∂τ
∣∣∣∣
τ=s
h∗τω = h
∗
s (Lwsω). (9.10)
It is noted that the last two equations hold pointwise. It follows that for
each x ∈ M,
Φ∗τ2,tω(x)−Φ
∗
τ1 ,t
ω(x) =
ˆ τ2
τ1
Φ∗τ,t(Lwτ ω)(x)dτ. (9.11)
For the rate of change of the pushforward of the structure form, one has
to use in the equations above the time dependent vector field w−1 associ-
ated with the flow Φ−1τ,t . According to (9.3), it is given by
w−1(s,Φ−1s,t (x)) =
∂
∂τ
∣∣∣∣
τ=s
Φ−1τ,t (x) =
∂
∂τ
∣∣∣∣
τ=s
ht(h
−1
τ (x)). (9.12)
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Since Φ−1τ,t ◦Φτ,t is the identity onM,
0 =
∂
∂τ
∣∣∣∣
τ=s
Φ−1τ,t (Φτ,t(x)),
=
∂
∂τ
∣∣∣∣
τ=s
Φ−1τ,t (Φs,t(x)) + TΦ
−1
s,t
(
∂
∂τ
∣∣∣∣
τ=s
Φτ,t(x)
)
,
= w−1(s,Φ−1s,t (Φs,t(x))) + TΦ
−1
s,t (w(s,Φs,t(x))).
(9.13)
It is implied that
w−1(s, x) = −TΦ−1s,t (w(s,Φs,t(x))), (9.14)
or,
w−1s = −TΦ
−1
s,t ◦ (ws ◦Φs,t), (9.15)
and in particular,
w−1(t, x) = −w(t, x). (9.16)
The rate of in which the structure form ϕ evolves is therefore
∂
∂τ
∣∣∣∣
τ=s
Φ−∗τ,t (ϕ) = Φ
−∗
s,t (Lw−1s ϕ),
= −Φ−∗s,t (LTΦ−1s,t ◦(ws◦Φs,t)
ϕ).
(9.17)
We also recall [AMR88, p. 361] that in general, for a diffeomorphism f :
M→N , a vector field w and a form ω,
f ∗(LT f (w)ω) = Lw f
∗ω, . (9.18)
Substituting Φ−1τ,t for f , one has
∂
∂τ
∣∣∣∣
τ=s
Φ−∗τ,t (ϕ) = −Lws(Φ
−∗
s,t ϕ). (9.19)
In particular,
∂
∂τ
∣∣∣∣
τ=t
Φ−∗τ,t (ϕ) = −Lwt ϕ (9.20)
is the rate in which the structure form evolves.
Since the Lie derivative commutes with exterior differentiation [AMR88,
p. 428], the rate of change of the distribution of defects is the exterior deriv-
ative of the rate of change of the structure form, i.e.,
∂
∂τ
∣∣∣∣
τ=t
Φ−∗τ,t (dϕ) = −Lwtdϕ = −dLwt ϕ = d
(
∂
∂τ
∣∣∣∣
τ=t
Φ−∗τ,t (ϕ)
)
. (9.21)
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9.2. Evolutions of General Structure Currents and Defects. We wish to
extend the kinematic analysis for smooth deformations of structure forms
and continuously distributed defects to general, possibly singular currents.
The way this is done is suggested by (9.8) where we observed that for a cur-
rent Tϕ induced by a smooth form ϕ, the current induced by the evolving
form h−∗t ϕ satisfies Th−∗t ϕ
(ω) = Tϕ(h∗t ω).
Since for each time t, ht is a diffeomorphism of M, given any smooth
form ω having a compact support in M, the pullback h∗t ω has a compact
support inM, also. In fact, h∗t is a continuous, linear operator on the space
of smooth forms with compact supports inM. Thus, for a diffeomorphism
f , the dual operator, the pushforward of currents (or images of currents
[dR84, p. 47]), f∗, is defined by
( f∗T)(ω) = T( f
∗ω). (9.22)
Thus, the evolution of a structure current T under the flow is described by
the evolution ht∗T for which the analysis above is a special case.
It is observed that
∂(ht∗T)(ψ) = ht∗T(dψ),
= T(h∗t (dψ)),
= T(d(h∗t ψ)),
= ∂T(h∗t ψ),
= (ht∗(∂T))(ψ),
(9.23)
and so,
∂(ht∗T) = ht∗(∂T). (9.24)
We conclude that the evolution of the defects follows the evolution of struc-
ture current, consistently.
To present a typical example for the evolution of a current which is not
induced by a smooth structure form, consider the r-current TS induced by
an r-dimensional submanifold with boundary S ofM as in (4.5). Then,
ht∗TS (ω) = TS (h
∗
t ω),
=
ˆ
S
h∗t ω,
=
ˆ
ht{S}
ω,
(9.25)
and we conclude that
ht∗TS = Tht{S}, (9.26)
i.e., the image of the structure current induced by S is the structure current
induced by ht{S}. As expected, the defect current satisfies
∂(ht∗TS ) = ht∗(∂TS ) = ht∗(T∂S ). (9.27)
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Next, we consider the rate of change of the pushforward of the structure
current and the associated defect current. One has,
∂
∂τ
∣∣∣∣
τ=s
(Φτ,t∗T(ω)) =
∂
∂τ
∣∣∣∣
τ=s
(
T(Φ∗τ,tω)
)
,
= lim
∆τ→0
T(Φ∗τ+∆τ,tω)− T(Φ
∗
τ,tω)
∆τ
,
= lim
∆τ→0
T
(
Φ∗τ+∆τ,tω −Φ
∗
τ,tω
∆τ
)
.
(9.28)
If
lim
∆τ→0
Φ∗τ+∆τ,tω −Φ
∗
τ,tω
∆τ
, (9.29)
exists in the sense of test forms (not merely pointwise), then, one may
switch the order of the limit and the action of T in the last line of (9.28)
above. This is indeed the case (see [dR84, pp. 57–61], and also [GMS98,
pp. 132–135], [Fed69, p. 363]). Hence, using (9.9–9.10),
∂
∂τ
∣∣∣∣
τ=s
(Φτ,t∗T(ω)) = T
(
∂
∂τ
∣∣∣∣
τ=s
(Φ∗τ,tω)
)
,
= T(Φ∗s,t(Lwsω)),
= (Φs,t∗T)(Lwsω).
(9.30)
It is noted that the Lie derivative operator on smooth forms with compact
supports is linear and continuous, so that one may define its dual transfor-
mation L∗w on the space of currents as
(L∗wT)(ω) = T(Lwω). (9.31)
It is also recalled that Cartan’s magic formula for the Lie derivative asserts
that (e.g., [AMR88, p. 429])
Lwω = d(wyω) + wydω, (9.32)
so that
(Φs,t∗T)(Lwsω) = (Φs,t∗T)(d(wsyω)) + (Φs,t∗T)(wsydω),
= (∂Φs,t∗T)(wsyω) + (ws ∧Φs,t∗T)(dω),
= (ws ∧ (∂Φs,t∗T) + ∂(ws ∧Φs,t∗T)) (ω).
(9.33)
Thus, the rate of change of the structure current may be expressed as
∂
∂τ
∣∣∣∣
τ=s
Φτ,t∗T = L
∗
ws ◦Φs,t∗(T) = ws ∧ (∂Φs,t∗T) + ∂(ws ∧Φs,t∗T). (9.34)
In particular,
∂
∂τ
∣∣∣∣
τ=s
hτ∗T = L
∗
ws ◦ hs∗(T) = ws ∧ (∂hs∗T) + ∂(ws ∧ hs∗T), (9.35)
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and
∂
∂τ
∣∣∣∣
τ=t
Φτ,t∗T = L
∗
wt(T) = wt ∧ ∂T + ∂(ws ∧ T). (9.36)
9.3. Evolution of Smooth Distributions of Defects to Singular Ones. The
theory of currents provides a mathematical construction that may be used
to model the process at which a smooth distribution of defects evolves and
they coalesce into a “macroscopic” singular defect.
Similarly to Schwartz distributions, the action of general currents can be
approximated using currents induced by smooth forms through the pro-
cess of regularization or smoothing (see [dR84, pp. 61–70], [Fed69, pp. 346–
348], [GMS98, pp. 505–511]). Specifically, given an r-current T, one can
construct a family of smooth (n− r)-forms ϕε, ε ∈ (0, 1] and corresponding
Tε defined by
Tε(ω) =
ˆ
M
ϕε ∧ ω, (9.37)
so that
lim
ε→0
Tε(ω) = T(ω). (9.38)
In other words, Tε converge to T weakly. Furthermore, recalling that ∂Tε is
the current induced by dϕε, i.e.,
∂Tε(ψ) = (−1)
n−r+1Tdϕ(ψ) = (−1)
n−r+1
ˆ
M
dϕε ∧ ψ, (9.39)
for each (r− 1)-form ψ, the regularization process commuteswith the bound-
ary operator so that
lim
ε→0
∂Tε(ψ) = (−1)
n−r+1 lim
ε→0
ˆ
M
dϕε ∧ ψ = ∂T(ψ). (9.40)
Thus, setting T0 = T, and t = 1− ε, rather than a formal mathematical
approximation process, one could view the family Tt, t ∈ [0, 1], as an evo-
lution process of structure currents in the time interval [0, 1] in which the
smooth structure forms evolve into a discrete structure current. Finally, the
fact that smoothing commutes with the boundary operator, implies that the
smooth defect forms evolve into the defect current.
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